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1. Introduction

This paper was written as a final project for the 2013 Summer Session of Math-
ematical Logic 1 at Missouri S&T.

We intend to present a short discussion about cardinal numbers and some inter-
esting facts about them starting “from scratch”. In Section 2, we will say which
formal language our set theory lives in. In Section 3, we cover the elementary
definitions of set theory which we will use in our discussion of cardinals. Section
4 contains some theory of cardinal numbers and Section 5 ties it all together by
discussing cofinality and discussing the bound 2ℵω < ℵℵ4 .

2. Language and axioms of set theory

For our formal language, we will take first order predicate calculus as developed
in [1]. In our language, a set of formulas called axioms can be defined and then the
theory of those axioms is the set of all true logical consequences of the axioms in
the language. We say a theory is consistent if it is never shown that both φ and
¬φ are derived from the axioms.

Later on we have a theorem that says “It is consistent with ZFC that...”. What
we mean by this is that, if we add to the list of axioms of ZFC (seen below), then
the resulting theory of “ZFC axioms + new axioms” is also a consistent theory. We
now list our axioms of set theory from [6] and offer an intuitive understanding for
each.

(1) Existence of a set – ∃x(x = x).
Without this axiom, we would not have any sets to work with–not even the
empty set.

(2) Extensionality – ∀x∀y(∀z(z ∈ x←→ z ∈ y)→ x = y).
This axiom gives us a criteria of when two sets are equal: precisely when
they contain the same elements.

(3) Foundation – ∀x[∃y(y ∈ x)→ ∃y(y ∈ x ∧ ¬∃z(z ∈ x ∧ z ∈ y))].
Cohen [3] says that this axiom “is never used in conventional mathematics”.
One reason we take this axiom is to specifically prohibit any set x existing
with the property that x ∈ x. So the reason it is “not used” is because it
forbids certain types of sets from existing – one cannot use a set that is
forbidden from existing by an axiom.

(4) Comprehension – For each formula φ(x),

∀z∃y∀x(x ∈ y ←→ x ∈ z ∧ φ(x)).

Comprehension is what allows us to create sets from existing sets and “de-
scriptions” of sets, i.e., ∀z(z = {x : φ(x)}). Russell’s paradox that led to
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axiomatic set theory used an “unrestricted” form of comprehension written
as

∃y∀x(x ∈ y ←→ φ(x)),

and then applied to the formula φ = ¬(x ∈ x). In this case, unrestricted
Comprehension yields the existence of a set y such that y = {x : x 6∈ x}.
The existence of this set y yields a contradiction if one considers whether
y ∈ y or y 6∈ y.

Clearly the only difference between Comprehension and unrestricted
Comprehension is the ∀z quantifier and the conjunction of φ(x) with x ∈ z.
However this is sufficient, because the ∀z introduced a sort of universal set
in which φ(x) is conjuncted with x ∈ z, making the question of whether
y ∈ y or y 6∈ y meaningless.

(5) Pairing – ∀x∀y∃z(x ∈ z ∧ y ∈ z)
In English, the Pairing axiom lets us take existing sets x and y and create

a new set {x, y} from them.
(6) Union – ∀F∃A∀Y ∀x(x ∈ Y ∧ Y ∈ F → x ∈ A)

The union axiom is saying that given a collection F of sets, thenA =
⋃
x∈F

x

is a set.
(7) Replacement – For each formula φ with free variables among x, y,A,w1, . . . , wn,

∀A∀w1, . . . , wn[∀x ∈ A∃!yφ(x, y, w1, . . . , wn)→ ∃Y ∀x ∈ A∃y ∈ Y φ(x, y, w1, . . . , wn)].

Via abuse of notation, one way to think of this axiom is to think of φ
intuitively like a function (which we define below) of the form

y = φ(x;w1, . . . , wn),

where w1, . . . , wn are considered parameters. The axiom then says that if
this φ is actually a function (i.e. the part that says “∃ ! y”) with domain a
set A, then the range of the function, Y , is a set.

(8) Infinity – ∃x(0 ∈ x ∧ ∀y ∈ x(S(y) ∈ x))
This axiom simply says that the set ω = {0, 1, 2, . . .} exists. Without

it, we would be left with only sets formed from the empty set and via
applications of previous axioms, none of which themselves can show an
infinite set exists.

(9) Power set – ∀x∃y∀z(z ⊂ x→ z ∈ y)
We denote the power set of X by P(X). This axiom simply says that

the set of all subsets of any set exists as a set. For finite sets, the pre-
vious axioms can easily construct power sets using the axioms of pairing
and union, but we cannot construct P(ω), since it would require infinite
applications of the pairing axiom.

(10) Choice – ∀A∃R(R well orders A)
This axiom has many equivalent formulations. Another formulation says

“If S is a collection of sets then there exists a function (we define what a

function is below) f : S →
⋃
X∈S

X such that f(X) ∈ X” [4].

Russell [8] had a good intuitive way to understand: if you have S being
a set consisting of ω pairs of boots (left and right), then you can easily, via
a rule, split S into SL and SR where SL is the set of left boots and SR is
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the set of right boots – in this case, a choice function is inherent in that we
can always define f so that f(X) denotes the left boot of the pair in set X.

On the other hand, if S consists of ω pairs of right boots, you need the
axiom of choice to find a function f because there is no rule (i.e. “left” or
“right”) to determine which boot to pick.

3. Set Theory Basics

Let a and b be sets. We use the notation (a, b) to abbreviate the set {a, {a, b}}.
We define the Cartesian product of two sets X and Y as

X × Y := {(x, y) : x ∈ X, y ∈ Y }.

We say that a set R is a relation whenever R ⊂P(X×Y ). If R ⊂P(X×Y ) is
a relation, then we say that (R,X, Y ) is a function with domain X and codomain
Y if for all x ∈ X there exists a unique y ∈ Y such that (x, y) ∈ R. By convention,
if R is a relation but not a function, we express (x, y) ∈ R as xRy. We denote
a function (f,X, Y ) with the notation f : X → Y and instead of writing xfy to
denote (x, y) ∈ f , we instead write y = f(x). If f is a function, we define its
range to be rng(f) = {y : (x, y) ∈ f} ⊆ Y . A function f is called one-to-one (or an
injection) if f(x) = f(y) implies x = y. A function f is called onto (or a surjection)
if for every y ∈ Y , there exists x ∈ X such that y = f(x). If f is both one-to-one
and onto, we say that f is a bijection between X and Y .

Let I be any set. Let F = {Xi : i ∈ I} be a family of sets indexed by I. We

define the general Cartesian product
∏
i∈I

Xi to be

∏
i∈I

Xi =

{
f | f : I →

⋃
i∈I

Xi

}
.

If I is finite, say I = {1, 2, . . . , n}, then we may write∏
i∈I

Xi = X1 ×X2 ×X3 × . . .×Xn,

which we think of as the set of ordered n-tuples

{(a1, a2, . . . , an) : ai ∈ Xi, 1 ≤ i ≤ n}.

Let ≤⊂P(X×X) be a relation. We say that the ordered pair (X,≤) is a partial
order on X if in addition to ≤ being a relation, the following additional properties
for all x, y, z ∈ X:

• Reflexivity – x ≤ x,
• Transitivity – x ≤ y and y ≤ z implies x ≤ z, and
• Anti-symmetry – x ≤ y and y ≤ x implies y = x.

If in addition, ≤ possesses the property

• Dichotomy – x ≤ y or y ≤ x,

then we say that (X,≤) is a total order on X. Also if the total order ≤ has the
additional property:

• Least Element: If B ⊂ X is nonempty, then there exists x ∈ X such that
for all y ∈ X, x ≤ y,
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then we say that (X,≤) is a well-order on X.
We say that X is a transitive set if for y ∈ x and z ∈ y implies z ∈ x. An ordinal

number to be a transitive set α such that (α,∈) is a well ordered set, where ∈ is the
binary predicate of the language of set theory. We like to use ordinals as indexes
sets can range over; this is because ordinals are by definition well ordered allowing
us to use uniform notation to index any set of any size.

We think of ordinals as starting with ∅ and being build up from there making
sure to ensure the transitivity condition at every step. So as pg.61 [3] puts it, “an
ordinal is the set of all ordinals that precede it”. This causes us to think of ∈
as a well-ordering on the “set of all ordinals”, which is not actually a set (via the
Burali-Forti paradox, see Theorem 7.4 pg.17 [6]); it is an object outside of set theory
which we call a class. With that in mind, for two ordinals α, β we may sometimes
write the notation α ≤ β or α < β which should be interpreted in terms of the
partial order we imagine on the class of ordinals defined by α ∈ β.

Let α be an ordinal. We define the successor of α to be the set

α+ 1 := α ∪ {α}.

If α is not a successor ordinal, then we say it is a limit ordinal and due to transitivity
we can say that

α =
⋃
β<α

β.

In this sense we say that 0 = ∅, 1 = {0}, 2 = {0, 1}, and in general n = {0, 1, . . . , n−
1}. We also have the first limit ordinal ω defined as

ω =

∞⋃
n=1

n.

Let X and Y be sets. If there is a bijection between X and Y , then we say X and
Y have the same cardinality, and we write |X| ≡ |Y |. We introduce the ordering
� by the following rule: |X| � |Y | if and only if there is a one-to-one function
from X into Y . We will write |X| ≺ |Y | if |X| � |Y | but none of the possible
one-to-one functions are onto. So far we have that � is an ordering that is reflexive
(the identity function is injective) and transitive (use function composition), but is
it anti-symmetric? Indeed it is, as the following theorem shows us:

Theorem 3.1. (Cantor-Bernstein, pg. 65, [3]) Let X and Y be sets. If |X| � |Y |
and |Y | � |X|, then |X| ≡ |Y |.

So � has the properties of a partial order, but on what set? It turns out, just
like before, that what we would like to say is (V,�) is a “partial order on V ”, where
V = {x : x is a set}. The problem is that V is not a set (see pg.23 [6]), it is an object
outside of set theory which we call a class. If we restrict V to an existing set, say
some Z, then of course (Z,�) is a partial order, but perhaps a not-so-interesting
one.

4. Cardinal Numbers

The foundational result of set theory is the following theorem by Cantor, where
it is shown that P(X) is strictly bigger than x:

Theorem 4.1. (Cantor’s Theorem) Let X be a set. Then |X| ≺ |P(X)|.
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This result guarantees that we will never “run out” of infinities to explore. Con-
cisely it says that given any big set X, the set P(X) guaranteed to exist by our
axioms is a strictly larger set in the sense of the � relation.

A cardinal number is an ordinal α such that β < α implies |β| ≺ |α|. An other
way to write is is a cardinal number α is an ordinal with |α| ≡ α. It turns out that 0
and all of its successors 1, 2, . . . are all ordinal numbers by a recursive construction:
define 0 := ∅ and given n, define n + 1 := n ∪ {n}. It is straightforward to show
that each finite ordinal is also a cardinal, as there will be no bijection from some
n ∈ ω between any other m ∈ ω with m 6= n. The first infinite ordinal and first
infinite cardinal coincide with ω.

Theorem 4.2. ω is the first infinite cardinal

Proof. Let α be an ordinal such that α < ω. But then, since α ∈ ω, the function
f : α → ω following the mapping f(n) = n shows that |α| � |ω|. What we must
now show is that there is no one-to-one function g : ω → n. Suppose such a function
existed. Consider the preimage

g−1({0, 1, . . . , n− 1}) = {z ∈ ω : g(z) ∈ {0, 1, . . . , n− 1}}.
Since dom(g) = ω, we know that the preimage is equal to ω and so by the Pigeonhole
Principle, at least one element of {0, 1, . . . , n − 1} is mapped to by at least two
different elements of ω, a contradiction to the assumption that g is one-to-one.

We have shown that given any ordinal α < ω, |α| ≺ ω, and so we may conclude
that ω is a cardinal. That ω is the first infinite cardinal is immediate from the fact
that all elements of ω are finite sets. � �

The first infinite cardinal yields an important definition of set theory. Let X
be a set. We say that X is a countable set if |X| � ω and we say that X is an
uncountable set if ω ≺ |X|.

Cardinal numbers have an arithmetic defined by the following two operations:

cardinal addition:κ⊕ λ = |(κ× {0}) ∪ (λ× {1}|,
and

cardinal multiplication:κ⊗ λ = |κ× λ|.
Cardinal multiplication works as expected. The cross products that appear in
the definition of cardinal addition are necessary. Consider the “obvious” defi-
nition of cardinal addition given by κ⊕̂λ = |κ ∪ λ|: if κ = 3 = {0, 1, 2} and
λ = 4 = {0, 1, 2, 3}, then we would have

3⊕̂4 = |{0, 1, 2} ∪ {0, 1, 2, 3}| = |{0, 1, 2, 3}| = 4,

a result that we do not want; the sum should be 7. However using the actual
definition of cardinal addition yields

3⊕ 4 = |{(0, 0), (1, 0), (2, 0)} ∪ {(0, 1), (1, 1), (2, 1), (3, 1)}|
= |{(0, 0), (1, 0), (2, 0), (0, 1), (1, 1), (2, 1), (3, 1)}|
= 7.

It turns out that for infinite cardinals κ and λ, that

κ⊕ λ = κ⊗ λ = max{κ, λ}.
The question is then, “Is there a next cardinal after ω?”. Indeed the answer

is yes. The reason is because all cardinals are ordinals and we imagine the total



6 TOM CUCHTA

class of ordinals as a partially ordered class ordered by ∈. The same argument
shows that all cardinals κ have a successor cardinal called κ+ which is the smallest
cardinal larger than κ.

Another consequence of the fact that all cardinals are ordinals is that we can
well-order the class of cardinals by indexing over ordinals. When we do this, we use
the notation ℵα where α is some ordinal to stand in for the αth infinite cardinal
number. So ℵ0 = ω, since we use the first ordinal to index the first infinite cardinal.
Then we have ℵ+0 = ℵ1, the second infinite cardinal. Easily we get ℵn for all n ∈ ω.
If a cardinal is not a successor cardinal, we call it a limit cardinal. The first limit
cardinal is

ℵω =
⋃
n∈ω
ℵn.

We have defined cardinal addition and multiplication and have seen them to be
somewhat uninteresting objects, as they reduce to the same calculation of compar-
ison of size. The other, much more interesting operation of cardinal arithmetic is
cardinal exponentiation. Let A,B be sets and let the notation BA denote the set

BA := {f | f : B → A}.
Let α, β be ordinals. We define cardinal exponentiation αβ as

αβ = |βα|.
It turns out that cardinal exponentiation is a major topic in set theory. The famous
continuum hypothesis proposed by Cantor is the statement 2ℵ0 = ℵ1, and led to
much development. As discussed in [3], the continuum hypothesis was shown to
be independent of ZFC – Gödel showed that if ZFC is consistent, then ZFC+CH
is consistent while Cohen showed that if ZFC is consistent, then ZFC+¬CH is
consistent, hence that the continuum hypothesis is independent of ZFC.

So, picking which cardinal 2ℵ0 “actually is” is not possible inside the axioms of
ZFC. The openendedness of the value of 2ℵ0 has led to many interesting conse-
quences.

5. Cofinality and pcf Theory

Let us make more precise what we mean about the value of 2ℵ0 being open-
ended. Let α be an ordinal and for some ordinal β ≤ α, consider the sequence
(ak)k<β where ak ∈ α and ak ≤ ak+1 for all k. We say that the sequence (ak)k<β
is cofinal in α if for every δ < α there exists a ξ < β such that δ ≤ aξ. We then
define the cofinality of α to be the least cardinal β such that there is a sequence
(ak)k<β cofinal in α.

For example, let us compute cf(2). If we simply consider the one-termed sequence
a0 = 1 which we can express as (ak)k<1, then we see that cf(2) = 1. In fact this
notion can be generalized to show that for all n ∈ ω, cf(n) = 1. Now we claim that
cf(ω) is not so trivial.

Theorem 5.1. cf(ω) = ω

Proof. First suppose that β < ω. Let (ak)k<β be a sequence with ak ∈ ω and
ak < ak+1. Since β < ω, we know that β is finite, and so the sequence (ak)
terminates after the (β − 1)st term. But such a sequence cannot be cofinal in ω,
since if we choose δ = aβ−1 + 1, then we cannot produce the δ necessary for the
sequence to be cofinal. Therefore, any finite subsequence of ω is not confinal in ω.
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Since ω is a cardinal, we know that ω = |ω|. So choose the sequence (ak)k∈ω so
that ak = k. Then this sequence is clearly cofinal in ω. Therefore cf(ω) = ω. �

The natural question now is what about cf(ω+ 1)? It turns out that since ω+ 1
has a maximal element, ω, we must have cf(ω + 1) = 1 by considering only the
single termed sequence a0 = ω. This same argument shows that cf(α) = 1 for all
successor ordinals.

We have seen that cf(ℵ0) = ℵ0. We give this property a name: we say that a
cardinal ℵα is a regular cardinal if cf(ℵα) = ℵα. A cardinal that is not regular is
called a singular cardinal.

Theorem 5.2. ℵω is a singular cardinal

Proof. If we let β be any ordinal such that β < ω, we will run into trouble for the
same reason we did in the proof that cf(ω) = ω. So assume β ≥ ω.

Let β = ω. Consider the sequence (ak)k<ω defined by ak = ℵk. Let β = ω and
let δ < ℵω, say δ = ℵn. Then we know that for ξ = n+ 1 < β, that

ℵn ≤ aξ = an+1 = ℵn+1.

But since n was arbitrary, this proves that cf(ℵω) = ω, and so ℵω is a singular
cardinal. �

Now we make clear what we mean by the value of 2ℵ0 being open-ended. We
say that a limit cardinal κ is a strong limit cardinal if for all λ < κ, 2λ < κ.

Theorem 5.3. (pg.209 [6]) It is consistent with ZFC that |2ℵ0 | = α for any infinite
cardinal α with cf(α) > ω.

What this means is that the only restriction on the values that 2ℵ0 can take is
that its cf(2ℵ0) > ω. So according to the theorem, it is consistent with ZFC that
2ℵ0 could be greater than, say, ℵω. If this happens, then ℵω is a limit cardinal that
is not a strong limit cardinal, by definition.

We now turn to the so-called “pcf theory”, where pcf is an acronymn for “pos-
sible cofinalities”. pcf theory is a relatively new branch of set theory (from the
late 1980’s) and it has been used to prove bounds on cardinals without assuming
the continuum hypothesis. We will not go into details about pcf theory, just the
preliminaries needed to state a surprising theorem at the end of the section.

The following definitions are from [5]: let A be a set of regular cardinals, and

D an ultrafilter on A. The ultraproduct
∏

A/D consists of equivalence classes

of ordinal functions f such that dom(f) = A and f(α) ∈ α for all α ∈ A. Two

functions equivalent mod D if {α : f(α) = g(α)} ∈ D. The cofinality of
∏

A/D

is unique regular cardinal κ = cof
∏

A/D such that
(∏

A/D,<D

)
has a cofinal

subset of cardinality κ. Define the set

pcfA =
{

cof
∏

A/D : D is an ultrafilter onA
}
,

also known as the possible cofinalities of A.

Example 5.4. ([5]) Let A = {ℵn}∞n=0. Each ℵn is a possible cofinality by principal
ultrafilter.
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This example holds because of the general fact that if D is a principal ultrafilter,

then the ultraproduct
∏

A/D is isomorphic to one of its factors.

Most results of pcf theory are technical and to discuss them is beyond the scope
of this paper. However, we saw earlier that it is consistent with ZFC that ℵω is a
strong limit cardinal. This fact is used in the following surprising bound that can
be attained using pcf theory:

Theorem 5.5. (pg.476,[4]) If ℵω is a strong limit cardinal, then 2ℵω < ℵℵ4 .

So while ZFC cannot prove that even something as simple as 2ℵ0 has a straight-
forward cardinality, it is surprising that such a large exponentiation as 2ℵω can be
bounded at all. Of course the value of 2ℵ0 can exceed ℵℵ4 , but in the case that it
doesn’t (i.e. the case when ℵω is a strong limit cardinal) the bound holds.

Since pcf theory is still in its infancy, we may have many more similar bounds
of large cardinal exponentiation. Since we know that the continuum hypothesis is
independent of ZFC, the best we can do while staying inside of ZFC are conditional
bounds like the one we have for 2ℵω .
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